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STABILITY CRITERION FOR THE LONGITUDINAL MODE-COUPLING 











The equivalence between longitudinal mode-coupling and microwave instabilities has 
been pointed out a long time ago by Sacherer and Laclare in the case of broad-band 
driving resonator impedances. The purpose of this paper is to give a simple analytical 
derivation of the stability criterion for the longitudinal mode-coupling instability 
driven by a resonator with arbitrary bandwidth, taking into account the potential-well 
distortion due to both space-charge and resonator impedances. The formula can be 
expressed in the form of the Keil-Schnell-Boussard criterion with a general form 
factor. This factor is equal to one for a long bunch interacting with a broad-band 
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1  INTRODUCTION 
The theory of the longitudinal microwave instability for coasting beams is well 
understood [1,2,3,4]. It leads to a stability diagram, which is a graphical representation 
of the solution of the dispersion relation depicting curves of constant growth rates, and 
especially a threshold contour in the complex plane of the driving impedance. When 
the real part of the driving impedance is much greater than the modulus of the 
imaginary part, a simple approximation, known as the Keil-Schnell (or circle) stability 
criterion, may be used to estimate the threshold curve. 
For bunched beams, it has been proposed by Boussard [5] to use the coasting-beam 
formalism with local values of bunch current and momentum spread. One expects that 
this approximation is valid in the case of instability rise-times shorter than the 
synchrotron period, and wavelengths of the driving wake field much shorter than the 
bunch length. This empirical rule is widely used for estimations of the tolerable 
impedances in the design of new accelerators. A first approach to explain this 
instability, without coasting-beam approximations, has been suggested by Sacherer 
through Longitudinal Mode-Coupling (LMC) [6]. The basic idea is that the 
longitudinal bunched-beam modes become unstable at intensity sufficiently high for 
their coherent frequencies to cross. The equivalence between LMC and microwave 
instabilities has been pointed out by Sacherer [6] and Laclare [7] in the case of broad-
band driving resonator impedances, neglecting the Potential-Well Distortion (PWD). 
The complete theory describing the microwave instability for bunched beams is still 
under development [8]. Experimentally, the most evident signature of this instability is 
the intensity-dependent longitudinal beam emittance blow-up (to remain just below 
threshold), which may lead to serious performance limitations. 
A simple general formula is given in this paper for the stability criterion of the 
LMC instability driven by a resonator with arbitrary bandwidth, taking into account 
the PWD due to both space-charge and resonator impedances. It is expressed in the 
form of the Keil-Schnell-Boussard (KSB) criterion with a general form factor, which 
takes into account the PWD and the resonator bandwidth. 
2  LMC INSTABILITY 
Applying Sacherer’s formula for LMC between modes m and m+1, the following 
determinant has to be solved [6] 
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 ( )( ) [ ].2/sin1 22/2 bnmoddnoddmF τω×−= ++  (8) 
Here, cω  is the coherent angular frequency to be determined, ...2,1,0=m  is the 
longitudinal coherent bunch mode number, ss fπω 2=  is the synchrotron angular 
frequency taking into account the PWD (the unperturbed synchrotron angular 
frequency is 00 2 ss fπω = ), 1−=j  is the imaginary unit, 0feNI bb =  is the current in one 
bunch with bN  the number of protons in the bunch, e the elementary charge, and 
π2/00 Ω=f  the revolution frequency, 0fB bτ=  is the bunching factor with bτ  the total 
bunch length (in seconds) taking into account the PWD (the unperturbed total bunch 
length is 0bτ ), TVˆ  is the total (effective) peak voltage taking into account the PWD (the 
peak RF voltage is RFVˆ ), h  is the harmonic number, sφ  is the RF phase of the 
synchronous particle ( 0cos >sφ  below transition and 0cos <sφ  above) taking into 
account the PWD (the unperturbed synchronous phase is 0sφ ), lZ  is the longitudinal 
coupling impedance, slp mp ωω +Ω= 0  with ∞+≤≤−∞ p , and nmh ,  describes the cross-
power densities of the mth and nth line-density modes. The longitudinal coupling 










































where 0/Ω≈ ωp , Ω=3770Z  is the free space impedance, β  and γ  are the relativistic 
velocity and mass factors, a  and b  are the average beam and effective pipe radii, sR  is 
the shunt impedance (in :), rQ  is the quality factor and rr fπω 2=  is the resonance 
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angular frequency. Furthermore, the resonator bandwidth (half width at half height) is 
given by )2(/ rr Qff =∆ . 
Equation (1) leads to the following solutions for cω  
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If the mode-coupling term l mm 1, +∆ω  is negligible, then the result for the de-coupled 
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with 















































where pZ RESl /  is taken to be the peak value for a resonator. 
For sufficiently small bunches in the RF buckets (in order to use the small-
amplitude synchrotron frequency), but sufficiently long compared to the inverse of the 
resonance frequency (in order to have the major part of the stationary spectrum in the 
low-frequency region where the SC and RES impedances are constants) [7,9], and 
considering a parabolic line density, the following relations are obtained when PWD is 
taken into account 
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where 0J  is the Bessel function of first kind and 0th order, and ( )τˆ0g  is the stationary 
distribution of the synchrotron oscillation amplitude τˆ . The stability criterion of 





















where BBF /02 =  is a form factor found by equating the intensity at threshold of 
Eq. (22) to the one due to PWD (see Eq. (18)). 
The cases of a long bunch interacting with a Broad-Band (BB) impedance, i.e. 
1>>×∆ bf τ , and a short bunch interacting with a Narrow-Band (NB) impedance, i.e. 
1<<×∆ bf τ , are discussed in the next two sections, before giving a general formula in 
the conclusion. 
2.1  A Long Bunch Interacting with a BB Impedance ( 1>>×∆ bf τ )  
The case of a long bunch interacting with a BB impedance* is represented in Fig. 1 
for 0≥ω , knowing that mmh , , 1,1 ++ mmh  and ]/)([Im ppZ BBl  are even functions of ω , 
whereas 1, +mmh  and ]/)([Re ppZ BBl  are odd ones. As can be seen from Fig. 1 for 
1>>×∆ bf τ , l mml mm ,1, ωω ∆>>∆ +  and l mml mm 1,11, +++ ∆>>∆ ωω . Furthermore, ( ) ppZ BBl /  can be 
removed from the summation of Eq. (3), as it is almost a constant. Equation (14) then 
becomes  
                                                
*
 The classical formulae for the broad-band resonator model have been used, 1≈rQ , 














































FIGURE 1. Power spectra for the longitudinal modes m and m+1 of a long bunch ( 1>>×∆ bf τ ), and 
real and imaginary parts of the broad-band impedance. 


















































The same result for 1F  is also obtained numerically to within a few percent for bunch 
lengths such that 1≥×∆ bf τ . Therefore, Eq. (23) can still be used in these cases. 
Mathematically, this constant is explained by the fact that the effect of the effective 
impedance between modes m and m+1 decreases whereas those of modes m and m+1 
separately increase, and the sum is more or less constant. Therefore, for bunch lengths 


















































where the signs  correspond to the cases Below Transition (BT) and Above 
Transition (AT) respectively. The stability condition of Eq. (22) can be re-written 
using the following equations 



























=  (26) 
















































where )/(/)/( 0022 ppTTtr ∆∆=−= −− γγη  is the slippage factor, with p the momentum and T 
the revolution period of a particle, E is the total beam energy, ( )max0/ pp∆  and 
( )FWHH0/ pp∆  are the relative momentum spread, maximum and full width at half height 
respectively (the relation between the two is given here for a parabolic momentum 
distribution), and 0pI  is the initial bunch peak current. Finally, it leads to a formula, 






























=  (30) 
Some interesting particular cases are discussed in the next subsections. 
2.1.1 THE PWD IS NEGLECTED 
In this case, 12.1 ≈=F . The SC impedance does not enter into the criterion, and 
there is therefore no difference between the cases BT and AT. The stability condition 
is given by the KSB criterion with pZ BBl /  instead of pZl /  in the coasting-beam 
formalism. 
2.1.2 THE SC IMPEDANCE IS NEGLECTED 
In this case, 7.1=F  BT and 1=F  AT. The stability criterion of Eq. (29) thus gives 
an intensity threshold BT which is higher than the one AT by 1.7. The factor 2 found 
numerically in Ref. [10] is thus approximately recovered here analytically. 
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In the case AT, the self force due to the BB impedance is defocusing, and it is 
found that at the limit of instability 4.0−≈∆ , which means that the self-force is 40% of 
the external force at threshold. This is the well-known result of Ref. [9]. 
2.1.3 THE SC IMPEDANCE IS NOT NEGLECTED 
The destabilising effect of SC BT is clearly seen in Eq. (25). However, even if the 
SC impedance is much bigger than the BB one, the effect on the threshold is rather 
small due to the exponent 1/4. 
Above transition, if the SC impedance is smaller than 2.3 times the BB impedance, 
then 2F  increases (i.e. the intensity threshold increases) as SC increases, as expected 
due to the stabilising effect of SC. If SC impedance is greater than or equal to 2.3 
times the BB impedance, then the beam is always stable whatever the intensity is. 
2.1.4 COMPARISION BETWEEN LMC AND TMC INSTABILITIES 
The stability criterion for the Transverse Mode Coupling (TMC) instability is given 

























where 00)/( fQf yyy ηξξ =  is the chromatic frequency, with )/()/( 00 yyy QppQ ∆∆=ξ  the 

















where lε  is the longitudinal emittance (at 2V) in eV.s, assuming an elliptic area in the 
longitudinal phase space. From Eq. (32), one sees that the PWD should have no effect 
on the TMC instability, since the longitudinal emittance is conserved in the PWD 
mechanism. 
The ratio between the intensity thresholds of the LMC and TMC instabilities is 























































Therefore, the ratio of Eq. (33) has to be greater than 1 for the TMC instability to 
develop (and therefore be observed) before the LMC one. 
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2.2  A Short Bunch Interacting with a NB Impedance ( 1<<×∆ bf τ ) 
The case of a short bunch interacting with a NB impedance is represented in Fig. 2. 
As can be seen for 1<<×∆ bf τ , l mml mm ,1, ωω ∆>>∆ +  and l mml mm 1,11, +++ ∆>>∆ ωω , as in Fig. 1. 
Furthermore, )(1, lpmmh ω+  can be removed from the summation of Eq. (3), as it is 

























































FIGURE 2. Power spectra for the longitudinal modes m and m+1 of a short bunch ( 1<<×∆ bf τ ), and 
real and imaginary parts of the narrow-band impedance. 

































































=  (36) 
neglecting the small effect of the m-term. The same result is also obtained numerically 
to within a few percent for bunch lengths such that 1≤×∆ bf τ . Since 1F  depends here 
on the bunch length, the factor BBF /02 =  has a more complicated form than the one of 




























































Note that when the PWD is neglected, 12 =F  and therefore )(/1 bfF τ×∆≈ . The SC 
impedance does not enter into the criterion, and there is no difference between the 
cases BT and AT. This result, which shows that the intensity threshold for NB 
resonators is higher than the one for BB impedances by the factor )(/1 bfF τ×∆≈ , is in 
agreement with the one of Ref. [12]. 
3  CONCLUSION 
The stability criterion for the longitudinal mode-coupling instability driven by a 
resonator with arbitrary bandwidth, in the presence of space charge, has been derived 






























=  (39) 
In the case of a broad-band driving resonator impedance ( 1≈rQ , bcoffcutr /≈≈ −ωω  
and 1≥×∆ bf τ ), the factors 2,1F  are given by 

































where the signs  correspond to the cases below and above transition respectively.  
In the case of a narrow-band driving impedance ( 1≤×∆ bf τ ), the factor 1F  is given 
by 
 ,7.01 bfF τ∆×≈  (42) 
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Note that pZ RESl /  appears in Eq. (38) instead of pZl /  in the coasting-beam formalism. 
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